Abstract. A proper edge t-coloring of a graph is a coloring of its edges with colors 1, 2, ..., t such that all colors are used, and no two adjacent edges receive the same color. For any integer n ≥ 3, all possible values of t are found, for which there exists such a proper edge t-coloring of the simple cycle C(n), which uses for each pair of adjacent edges either consecutive colors or the first and the last ones.
We consider undirected, simple, finite and connected graphs. For a graph G, we denote by V (G) and E(G) the sets of its vertices and edges, respectively. The set of edges of G incident with a vertex x ∈ V (G) is denoted by J G (x). For any x ∈ V (G), d G (x) denotes the degree of the vertex x in G. For a graph G, ∆(G) denotes the maximum degree of a vertex of G. A simple cycle with n edges (n ≥ 3) is denoted by C(n). A simple path with n edges (n ≥ 1) is denoted by P (n).
For an arbitrary finite set A, we denote by |A| the number of elements of A. The set of positive integers is denoted by N. For any subset D of the set N, we denote by D (0) and D (1) the subsets of all even and all odd elements of D, respectively.
An arbitrary nonempty subset of consecutive integers is called an interval. An interval with the minimum element p and the maximum element q is denoted by [p, q] . An interval D is called a h-interval if |D| = h.
For any positive integer k define ε(k)
is called a proper edge t-coloring of a graph G, if all colors are used, and no two adjacent edges receive the same color.
The minimum value of t for which there exists a proper edge t-coloring of a graph G is denoted by χ ′ (G) [10] .
If G is a graph, and ϕ is its proper edge t-coloring, where
, and ϕ is a proper edge t-coloring of a graph G, then we set ϕ[E 0 ] ≡ {ϕ(e)/e ∈ E 0 }.
A proper edge t-coloring
For any t ∈ N, we denote by N t the set of graphs for which there exists an interval t-coloring.
For any G ∈ N, we denote by w int (G) and W int (G) the minimum and the maximum possible value of t, respectively, for which G ∈ N t . For a graph G, let us
, at least one of the following two conditions holds:
For any t ∈ N, we denote by M t the set of graphs for which there exists a cyclically interval t-coloring. Let
For any G ∈ M, we denote by w cyc (G) and W cyc (G) the minimum and the maximum possible value of t, respectively, for which G ∈ M t . For a graph G, let us set Θ(G) ≡ {t ∈ N/G ∈ M t }.
It is clear that for any G ∈ N, an arbitrary interval t-coloring (t ∈ θ(G)) of a graph G is also a cyclically interval t-coloring of G. Thus, for any t ∈ N, N t ⊆ M t and N ⊆ M. Let us also note that for an arbitrary graph G, θ(G) ⊆ Θ(G). It is also clear that for any G ∈ N, the following inequality is true:
In [5, 6] , for any tree G, it is proved that G ∈ N, θ(G) is an interval, and the exact values of the parameters w int (G), W int (G) are found. In [8] , for any tree G, it is proved that Θ(G) = θ(G). Some interesting results on cyclically interval t-colorings and related topics were obtained in [3, 4, 7, 9, 11, 12] .
In this paper, for any integer n ≥ 3, it is proved that C(n) ∈ M, and the set Θ(C(n)) is found.
, then a proper edge t-coloring of C(n) does not exist, and C(n) ∈ N t . Remark 2. It is not difficult to see that for any integer k ≥ 2, C(2k) ∈ N and θ(C(2k)) = [2, k + 1].
Proof is trivial.
Theorem 2. For any integers n and t, satisfying the conditions n ≥ 5 and t
Assume the contrary: there are n 0 ∈ N, n 0 ≥ 5 and
, for which a cyclically interval t 0 -coloring α of the graph C(n 0 ) exists. Let us construct a graph H 00 removing from the graph C(n 0 ) the subset U (C(n 0 ), α) of its edges. Let us construct a graph H 0 removing from the graph H 00 all its isolated vertices.
Case A. H 0 is a connected graph. Let us denote by F the simple path with pendant edges e ′ and e ′′ which is isomorphic to the graph P (n 0 − |E(H 0 )| + 2).
Case A.1 . n 0 is odd.
. It means that t 0 is an even number, satisfying the inequality 4 ≤ t 0 ≤ n 0 − 1.
Since α is a cyclically interval t 0 -coloring of C(n 0 ), we conclude from the definition of H 0 , that for a graph F , there exists an interval (t 0 − 1)-coloring β 1 with β 1 (e ′ ) = β 1 (e ′′ ). Consequently, the number n 0 − |E(H 0 )| + 2 is odd, what contradicts the same parity of n 0 and |E(H 0 )|.
Since α is a cyclically interval t 0 -coloring of C(n 0 ), we conclude from the definition of H 0 , that for a graph F , there exists an interval t 0 -coloring β 2 with β 2 (e ′ ) = 1 and β 2 (e ′′ ) = t 0 . Consequently, the number n 0 − |E(H 0 )| + 2 is even, what contradicts the different parity of n 0 and |E(H 0 )|.
Case A.2 . n 0 is even. Clearly, t 0 ∈ [
. It means that t 0 is an odd number, satisfying the inequality
Since α is a cyclically interval t 0 -coloring of C(n 0 ), we can conclude from the definition of H 0 , that for a graph F , there exists an interval (t 0 − 1)-coloring β 3 with β 3 (e ′ ) = β 3 (e ′′ ). Consequently,
Since α is a cyclically interval t 0 -coloring of C(n 0 ), we can conclude from the definition of H 0 , that for a graph F , there exists an interval t 0 -coloring β 4 with β 4 (e ′ ) = 1 and β 4 (e ′′ ) = t 0 . Since t 0 is odd, the number n 0 − |E(H 0 )| + 2 is also odd, but it is impossible because of the same parity of n 0 and |E(H 0 )|.
Case B . H 0 is a graph with m connected components, m ≥ 2. Assume that:
1) H 1 , . . . , H m are connected components of H 0 numbered in succession at bypassing of the graph C(n 0 ) in some fixed direction,
2) v 1 , . . . , v n 0 are vertices of C(n 0 ) numbered in succession at bypassing mentioned in 1),
3) e 1 , . . . , e n 0 are edges of C(n 0 ) numbered in succession at bypassing mentioned in 1),
For any j ∈ [1, 2m], set Let
For any j ∈ [1, 2m], we define a point π j of the 2-dimensional rectangle coordinate system by the following way:
An edge (π ′ , π ′′ ) of the graph H is called horizontal if the points π ′ and π ′′ have the same ordinate.
Let us denote by E ( H) the set of all horizontal edges of the graph H. Set
It is easy to note that the numbers |E ( H)| and |E | ( H)| are both even. Now let us define a function ψ : E( H) → [1, n 0 − 1] by the following way. For an arbitrary e ∈ E( H) set:
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Clearly,
ψ(e) = n 0 + 2m.
Case B .1 . n 0 is odd. Clearly, t 0 ∈ [4, n 0 − 1] (0) . It means that t 0 is an even number, satisfying the inequality 4 ≤ t 0 ≤ n 0 − 1. It is not difficult to see that in this case, for an arbitrary e ∈ E ( H), ψ(e) is odd, and, moreover, for an arbitrary e ∈ E | ( H), ψ(e) is even. Since |E ( H)| is even, we conclude that the odd number n 0 + 2m = e∈E ( H) ψ(e) + e∈E | ( H) ψ(e) is represented as a sum of two even numbers, which is impossible.
Case B .2 . n 0 is even.
2 ) ≤ t 0 ≤ n 0 − 1. It is not difficult to see that in this case, for an arbitrary e ∈ E 2 ( H) ∪ E ( H), ψ(e) is odd, and, moreover, for an arbitrary e ∈ E 1 ( H) ∩ E | ( H), ψ(e) is even.
In this case, evidently, there are different integers i ′ and i ′′ in the set [1, m] , for which there exist interval t 0 -colorings β ′ and β ′′ of the graphs
Without loss of generality assume that E 2 ( H) ∩ E | ( H) = {e 0 }. Since |E ( H)| is even, we conclude that the even number n 0 + 2m
is represented as a sum of one odd and two even numbers, which is impossible. 
